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Abstract: This paper presents a novel model of large-size tilt-rotor aircraft, which can operate as a helicopter as well as being 
capable of transition to fixed-wing flight. Aerodynamics of the dynamic large-size tilt-rotors based on blade element method is 
analyzed during mode transition. For the large-size aircraft with turboshaft engines, the blade pitch angles of the rotors are 
regulated to vary according to the desired level of thrust, and the following expressions are formulated explicitly: rotor thrust 
and blade pitch angle, drag torque and blade pitch angle. A finite-time convergent observer based on Lyapunov function is 
developed to reconstruct the unknown variables and uncertainties during mode transitions. The merits of this design include 
the modeling of dynamic large-size tilt-rotor, ease of the uncertainties estimation during the tilting and the widely applications. 
Moreover, a switched logic controller based on the finite-time convergent observer is proposed to drive the aircraft to 
implement the mode transition with invariant flying height. 
Keywords: Tilt-rotor aircraft, rotor thrust, blade pitch angle, uncertainties estimation, mode transition. 
1 INTRODUCTION 
Helicopters and fixed-wing airplanes have their advantages and shortcomings. Helicopters can take off and land vertically, 
but they cannot fly forward in high speed, and their payloads are very limited comparing to fixed wing plane with the same 
gross weight [1-4]. On the other hand, conventional fixed-wing aircrafts can fly forward in high speed and large payloads. 
However, they cannot take off and land vertically, and the appropriate runways are required. 
There are several ways to perform the vertical takeoff and landing (VTOL) maneuver such as tilting rotor, tilting wing, 
thrust vectoring, tail sitter, tilting fuselage, flapping wing, multi-propeller multifunction, etc. There are some types of thrust 
vectoring aircrafts, such as manned aircrafts AV-8B Harrier [5] and F-35 [6]. These aircrafts are designed for actual combat. 
The reason why these aircrafts can perform vertical takeoff and landing is due to their jet engines with tilt jettubes. Although 
they are powerful, the jet gas is very hot and harmful, and they can easily destroy the ground environment or inflict injuries to 
people nearby. These aircrafts are not suitable for many civil and rescue operations. Moreover, such VTOL aircraft with jet 
engines is less efficient in hover than a conventional helicopter or a tilt-rotor aircraft of the same gross weight [7]. 
One of the classical tilt-rotor aircrafts is V-22 [8]. Similarly the Bell Eagle Eye UAV [9] which is also based on tilt-rotor 
technology has a large success in the civil and military domains. However, this design brings its own problems, since the 
degradation in stability is usually observed in high speed forward flight (airplane mode) [10]. Moreover, the involved 
equations of motion are highly coupled and nonlinear. The fundamental characteristics of V-22, which includes a very high roll 
moment of inertia, result in a tendency to pilot-induced oscillation. Extreme attention must be paid to preventing over control 
in the roll channel. Moreover, the roll channel is easily affected by pitch dynamics. V-22 is a large “U”-shaped structure with 
two very large masses at the ends (the engines). The result is the need for long and flexible runs of hydraulic, electrical, and 
mechanical lines that are more susceptible to tensile loads, bending loads, abrasions, and deformations than conventional 
helicopter designs. Because of the high disk-loading (129.63 kg/m²), the downwash velocity of V-22 is about twice that of any 
conventional helicopter. And because of the side-by-side placement of the prop-rotors, there are two distinct downwash wakes 
that are transverse to the flight direction. This has several operational implications that bear on safety issues.  
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Tail-sitters, as the name implies, sit on their tail when not in flight [11-14]. They take off and land vertically, making them a 
member of the VTOL family of aircraft. Equipped with a powerful engine, tail-sitters can utilize a "prop-hanging" technique to 
hover in place. Additionally, they can make transition to a level flight mode and fly in a conventional fixed-wing mode, which 
is more energy efficient than the hover mode. These aircrafts have higher rotor disk loadings. A novel unmanned tail-sitter 
aircraft called SkyTote has been designed [15-18]. It was originally conceived as an airborne conveyor belt that would use a 
VTOL capability to minimize ground handling. The concept demonstrator is a 'tail-sitter' configuration and utilizes coaxial, 
counter-rotating rotors. A relatively large cruciform tail provides directional control in the airplane modes as well as serving as 
landing gear in the helicopter mode. However, the flying height varies when the aircraft undergoes a vertical to horizontal 
transition. The aircraft climbs upward during mode transition. Importantly, a large thrust force should be provided to finish the 
mode transition. Moreover, the aerodynamics of the complex mechanical drive device, i.e., coaxial counter-rotating propellers, 
is difficult to be analyzed during mode transition. 
A tilt-fuselage aircraft was presented in [19] to keep the flying height invariant during mode transition. It is a rotor-fixed 
wing aircraft with two free wings. During mode transition, the fuselage is tilted, and the free wings are kept at a given angle of 
attack. However, it is difficult to analyze the aerodynamics of the tilt fuselage during mode transition. 
In [20], a quad tilt-wing unmanned aerial vehicles (UAV) were presented, which is capable of vertical takeoff and landing 
(VTOL) like a helicopter and long duration horizontal flight like an airplane. The aircraft is electric powered and small size. 
During mode transition, all the wings and the quad rotors are tilted. In [21], a multi-rotorcraft with morphing capabilities was 
presented. The aircraft is able to rotate its body into a vertical flying mode configuration. The middle base, in which the inertial 
sensors are fixed, is always horizontal during the morphing stage. However, the servo motor is difficult to keep the middle 
base horizontal during mode transition. Accordingly, the attitude measurement will be affected adversely. The two aircrafts in 
[20, 21] are all electric powered and small size. 
The electric powers are usually suitable to drive small-size aircrafts. For an electric powered tilt-rotor aircraft, the rotor 
speeds are allowed to freely vary according to the desired level of thrust. However, for a large-size aircrafts with turboshaft 
engines, the rotor speeds freely varying according to the desired level of thrust is unrealistic for current state-of-the art 
technology for conventional rotorcrafts, i.e., the control of the thrust output is impossible to be achievable by changing the 
rotor speed. The aerodynamics of large-size tilt-rotor is more complex than that of small-size tilt-rotor during mode transition. 
Moreover, the tilt-rotor aircrafts are underactuated mechanical systems, which exhibit high nonlinear and time-varying 
behaviors. Meanwhile, the influences of aerodynamic disturbance, unmodelled dynamics and parametric uncertainties are not 
avoidable in modeling. These nonlinearities and uncertainties render great challenges in the design of flight control system. 
Nonlinear modeling and analysis for mechanical systems have been presented in recent years [22]. To overcome these 
problems above, in this paper, a novel model of large-size tilt-rotor aircraft is presented, which can operate as a helicopter as 
well as being capable of transition to fixed-wing flight. The control of the thrust outputs is achieved by changing the blade 
pitch angles of the rotors, and the rotor speeds are fixed in rated power. The aerodynamics of the large-size tilt-rotor based on 
blade element method is analyzed during mode transition, and the following relations are formulated explicitly: rotor thrust and 
blade pitch angle, rotor drag torque and blade pitch angle. The designed tilt-rotor aircraft is more suitable to large-size aircraft 
applications. Its structure is based on quad-rotor aircrafts design [23-25]. Quad-rotor aircraft is a system consisting of four 
individual rotors attached to a rigid cross frame. It is an omnidirectionally symmetrical VTOL vehicle ideally suited to 
stationary and quasi-stationary flight conditions. Therefore, when the tilt-rotor aircraft hovers, takes off or lands, the control 
methods of quad-rotor aircraft can be used directly. During the mode transition from hover to forward flight and vice versa, the 
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quad rotors are tilted synchronously by a gearing driven arrangement. Moreover, a finite-time convergent observer is 
developed to reconstruct the unknown variables and uncertainties during mode transitions.  Based on the observer, a switched 
logic controller is proposed to drive the aircraft to implement the mode transition with the invariant flying height. Comparing 
with the electric powered tilt-rotor aircrafts, the modeling of the presented tilt-rotor aircraft is large size, the uncertainties 
during mode transition are estimated easily, and it has the widely applications with much long-time cruise and larger payload. 
2 TILT-ROTOR AIRCRAFT DESIGN 
2.1 Configuration of aircraft 
The designed tilt-rotor aircraft is shown in Figs. 1(a)-1(d). 
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Fig. 1. Tilt-rotor aircraft: (a) Aircraft structure, (b) Modes of hover, takeoff and landing, (c) Mode transition from hover to 
forward flight and vice versa, (d) Mode of forward flight 
 
Mechanical components of tilt-rotor aircraft in Fig. 1(a): 
1: front-right rotor, 2: front-left rotor, 3: rear-left rotor, 4: rear-right rotor, 5: right fixed wing, 6: left fixed wing, 7: right aileron, 
8: left aileron, 9: vertical tail, 10: fuselage, 11: front-right free wing, 12: front-left free wing, 13: rear-left free wing, 14: rear-
right free wing, 15: front-right gearing arrangement, 16: front-left gearing arrangement, 17: rear-left gearing arrangement, 18: 
rear-right gearing arrangement 
  For the tilt-rotor aircraft, there are the following four flight modes: 
Hover: When the aircraft is climbing, it is put on to at a certain height, normally out ground effect where the thrusts of the 
quad rotors compensate the helicopter weight mg (See Figure 1 (b)). The attitude is regulated by changing the blade pitch 
angles of the quad rotors, and the rotor speeds are fixed in rated power. Thus the control of the thrust and torque outputs is 
achievable. A control method for quad-rotor aircraft can be used directly. 
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Vertical fight: This fight mode starts when the aircraft is at rest on the ground in ground effect. Then takeoff is produced and 
the aircraft climbs. Vertical descent precedes landing. In the absence of perturbations the thrusts of the quad rotors are always 
vertical (See Figure 1 (b)). 
Mode transition: It is considered that this fight mode is out of ground effect. At the beginning, the aircraft is assumed to be in 
hover (see Figure 1(b)). As the gearing arrangement is driven, the quad rotors are tilted synchronously and pitch towards the 
horizontal, which in turn causes the horizontal speed of the aircraft to increase (see Figure 1(c)). The attitude is controlled by 
changing the blade angles of the quad rotors to make the fixed wings obtain a given angle of attack in accordance with the 
relative wind. The gravity of the aircraft is counteracted mainly by the vertical force of the thrust generated by the rotors, and 
the height of the aircraft is kept invariant. With the horizontal speed increasing, the fixed wings develop lift. The aircraft is 
made transition into horizontal flight in a fixed wing mode (see Figure 1(d)). During this mode transition, before the tilt angle 
attains a given value, roll dynamics is controlled by the thrusts differential of the left and right rotors. Yaw dynamics is 
regulated by the counteractive moments brought by the rotation of the rotors in the air. Pitch dynamics is controlled by the 
thrusts differential of the front and rear rotors. After the tilt angle exceeds a given value, the flap bias angle of rear two free 
wings is selected to control pitch dynamics. Roll dynamics are controlled by the counteractive moments brought by the 
rotation of the rotors in the air. Yaw dynamics are regulated by the thrusts differential of the left and right rotors. For level-to-
hover transition, the reverse procedure is used. As the gearing arrangement is driven, the quad rotors are tilted backward. It 
causes the horizontal speed of the aircraft to decrease and the vertical thrust vector gradually increases to keep the height 
invariant. Thus, the aircraft slows and performs transition to hover. 
Forward fight: We also consider that this fight mode will be out ground effect. The thrust of the quad rotors ensures forward 
fight, and the lift force generated by fixed wings keeps the height of the aircraft invariant (See Figure 1 (d)). 
2.2 Gearing arrangement for tilt rotors 
A synchronous gear-driven arrangement for the tilt-rotor aircraft is designed to implement mode transition, as shown in 
Figure 2(a). The directions of the drive arrows denote the hover-to-level transition. In the gear-driven arrangement, the 
symmetrical structure shown in Figure 2(b) is adopted. With this gear-driven arrangement, the quad rotors can be tilted 
synchronously from vertical to level and vice versa. 
 
Actuator  
Driven gears  
Driven gears  
Driven shaft  
Driven shaft  
Drive shaft  
                       
 
      
(a) Tilt structure                                                          (b) Driven gears 
Fig. 2. Tilt structure and driven gears 
2.3 Gross weight of aircraft 
  In this paper, let the gross weight of aircraft be m, and four same turboshaft engines are selected, the weight of each engine is 
me, and its thrust-to-weight ratio is ρe=Te/(meg), where g is the gravity acceleration, Te is rotor thrust in rated power. In order to 
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consider the control maneuverability ρmT during hover or mode transition, the thrust 4Te should be larger than the gross weight 
mg of aircraft. We select 4 2mT eT mgρ = = . Therefore, each rotor thrust can be carried out as / 4e mTT mgρ= . 
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Fig. 3. Size of tilt-rotor aircraft 
2.4 Rotor radius 
Assume the thrust force generated by the i-th rotor is Ti (i = 1, 2, 3, 4), and its thrust coefficient CTi and rotor power 
coefficient CPi are defined, respectively, as [7] 
( )2 22
iT i i
C T R Aρ= Ω                                                                                     (1) 
( )3 32
iP i i
C P R Aρ= Ω                                                                                    (2) 
where, A is the disk area, Ωi is the rotating speed of the i-th rotor, R is rotor radius, Pi is the rotor power, and ρ is the air density. 
It is known that i i iP T v= , where iv  is the induced velocity of rotor. Therefore, power coefficient CPi can be written as 
3 2
2 2
( ) ( )i i
i i i i
P T i
i i i
T v T vC C
A R A R R
λ
ρ ρ
= = =
Ω Ω Ω
                                                               (3) 
where ( )i i iv Rλ = Ω   is the induced inflow ratio in hover. From (1), we obtain 
2
21 1
2 4 ( ) 2 i
i i i
i T
i i i
v T T C
R R A A R
λ
ρ ρ
= = = =
Ω Ω Ω
                                                           (4) 
Therefore, from (3) and (4), the ideal power can be written as 
3 21 1
2 2i i i iP T T T
C C C C= =                                                                              (5) 
In hovering flight, the induced power predicted by the simple momentum theory can be approximately described by a 
modification to the momentum result in (5), i.e., 
1
3 21
2i iP T
C Cκ=                                                                                      (6) 
where κ is called an induced power correction factor. The profile power of rotor can be obtained as follow: 
0 0
R
iP p Dydy= Ω ∫                                                                                  (7) 
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where p is the number of blades and D is the drag force per unit span at a section on the blade at a distance y from the 
rotational axis. The profile power consumed by the rotor requires the drag coefficients of the airfoils that make up the rotor 
blades. The drag force can be expressed conventionally as 
2 20.5 0.5 ( )d i dD U bC y bCρ ρ= = Ω                                                                 (8) 
where b is the blade chord, and U is the resultant velocity at the disk. The section profile drag coefficient Cd is assumed to be 
constant, i.e., Cd = Cd0. Then the profile power is deduced to 
0 0
3 3 3 4
0 0
10.5
8
R
i d i dP p bC y dy p bC Rρ ρ= Ω = Ω∫                                                          (9) 
Therefore, the profile power coefficient Cp0 can be written as 
0
0 0 0 0
3 4
0
3 2 3 2
1
2 1 1 14 ( ) ( )
( ) ( ) 4 4 4
i d
P d d d
i i
p bC RP pb pbRC C C C
A R R R R R
ρ
σ
ρ ρπ π π
Ω
= = = = =
Ω Ω
                                (10) 
where rotor solidity is expressed as σ= (pbR)/(πR2) = (pb)/(πR), and it has been defined as the ratio of total blade area to the 
disk area. Armed with the estimates of the induced power coefficient (6) and the profile power coefficient (10), the rotor power 
by using the modified momentum theory results that 
1 0 0
3 21 1
2 4i i ip P P T d
C C C C Cκ σ= + = +                                                               (11) 
From Eqs. (1), (2) and (11), the ratio i iP T  is given by 
01 21 1( )
2 4
i
i
i i
P di
i i T
i T T
C CP R R C
T C C
σ
κ= Ω = Ω +                                                             (12) 
By differentiating Eq. (12) with respect to CTi, it is shown that for a rotor with rectangular blades the operating CTi to give the 
lowest T/P is 
01 2
2
1 10 ( )
4 4i
i
d
i T
T
C
R C
C
σ
κ −= Ω −                                                                        (13) 
i.e., 
( )0
2 3
iT d
C Cσ κ=                                                                                (14) 
From (1) and (14), the disk loading for maximum power loading is at 
( ) ( )
2 3
2 2 0
2 0.5 0.54 i
i d
T i i
T CmgDL C R R
A R
σ
ρ ρ
π κ
 = = = Ω = Ω  
 
                                             (15) 
It is assumed that for design purposes each rotor of the quad rotors carries a quarter of the total weight of the aircraft. Profile 
drag coefficient Cd0 is assumed be constant and independent of Reynolds number Rε and Mach number M. This equation 
determines the optimum radius of the rotor to maximize power loading at a given gross weight. Solving for the rotor radius in 
Eq. (15) gives  
( ) 2R mg DLπ=                                                                                (16) 
Similarly, for two-rotor aircrafts, such as V-22, we obtain the rotor radius as follow:
2 (2 )rR mg DLπ= . Under the same 
disk loading requirement, we obtain 2 1 2rR R = . 
With respect to the conventional two-rotor aircrafts, the rotor radius of the presented tilt-rotor aircraft is shorter. For 
different VTOL rotorcrafts, they have different disk loadings: CH-47D Chinook (1 rotor, 2 blades), 14 kg/m²; Bell 206B3 
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JetRanger (1 rotor, 2 blades), 18 kg/m²; CH-47D Chinook (2 rotors, 3 blades), 43 kg/m²; Mil Mi-26 (1 rotor, 7 blades), 71 
kg/m²; CH-53E Super Stallion (1 rotor, 7 blades), 72 kg/m²; MV22B Osprey, 129.63 kg/m². (2 rotors, 3 blades). A suitable 
disk loading DL=DLQT = 60kg/m2 is required for the presented quad tilt-rotor aircraft. Therefore, from Eq. (16), the rotor 
radius of the tilt-rotor aircraft can be computed as follow: 
( ) 2QTR mg DLπ=                                                                                 (17) 
2.5 Number of blades and Rotor solidity 
  The selection of the number of blades (for a given blade area or solidity) is usually based on dynamic rather than 
aerodynamic criteria, that is, it is based on the minimization of vibratory loads, which is easier for rotors that use a larger 
number of blades. An analysis of the data [26] suggests that hover performance is primarily affected by rotor solidity σ; the 
number p of blades is secondary. Based on the requirement of the blade aspect ratio, we can select the blade aspect ratio ρb. 
Then from Eq. (17), we obtain the blade chord b. Values of σ  for contemporary helicopters vary from about 0.06 to 0.12. 
Lager helicopters generally tend to have upper solidity rotors. Here, we expect the rotor solidity is σ=(pb)/(πR). Therefore, the 
number of blades is 
p R bσπ=                                                                                          (18) 
2.6 Fixed-wing loading 
A large wing aspect ratio Aw=12 is selected for the fixed wing in order to obtain a long-time cruise. Moreover, we expect the 
desired wing loading WLw after comparing with other fixed wing aircrafts. Therefore, the wing area is obtained: 
w wS m WL=                                                                                        (19) 
Accordingly, the wing span lw and chord cw for the fixed wing are obtained, respectively: 
,w w w w w wl A S c S A= =                                                                            (20) 
  In addition, considering of the effect of the free wings during cruise, we expect the desired wing loading 
wsWL .Then the sum 
of wings area is calculated as: 
w front fiS S S S= + +                                                                                   (21) 
where Sw, Sfront and Sft are the areas of fixed wing, front wing and free wings, respectively. Therefore, the area of each free 
wing is: Sft=(m/WLws-Sw-Sfront)/4. Other sizes for the aircraft are shown in Figure 3. 
3 MATHEMATICAL MODEL 
  In this section, by analyzing the aerodynamics of mode transition, a 6-degree of freedom (DOF) nonlinear model of the tilt-
rotor aircraft is established. Moreover, the uncertainties in the system dynamics are considered. 
3.1 Mathematical model during mode transition 
The forces and torques of the aircraft during mode transition are shown in Fig. 4. 
3.1.1 Coordinates and frames 
In Fig. 4, C is the centre of gravity of the aircraft. Mβ is the pitch moment generated by gearing arrangement. Let 
i) Γg=(Ex, Ey, Ez) denote the right handed inertial frame;  
ii) Γb=(Exb, Eyb, Ezb) denote the frame attached to the aircraft’s fuselage whose origin is located at its center of gravity; 
iii) Γ𝛽𝛽=(Exβ, Ey𝛽𝛽, Ez𝛽𝛽) denote the right handed inertial frame of the tilt-rotor aircraft; 
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iv) Γr=(Xr, Yr, Zr) denote the right handed inertial frame of blade element (See Fig. 5). 
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Fig. 4. Forces and torques of tilt-rotor aircraft 
pb=(xb, yb, zb) is the position of center of gravity relative to frame Γg. (ψ,θ,ϕ)∈ℜ3 describes the aircraft orientation expressed in 
the classical yaw, pitch and roll angles (Euler angles). We use cθ for cosθ and sθ for sinθ. Rbg is the transformation matrix 
representing the orientation of the rotorcraft from frame Γb to Γg, i.e., 
bg
c c c s s s c s s c s c
R c s c c s s s s c c s s
s s c c c
θ ψ φ ψ φ θ ψ φ ψ φ θ ψ
θ ψ φ ψ φ θ ψ φ ψ φ θ ψ
θ φ θ φ θ
 + −
 = − − + 
 − 
                                                               (22) 
β is the tilt angle of rotors. Γβb is the transformation matrix representing the orientation of the rotorcraft from frame Γ𝛽𝛽  to Γb, 
i.e., 
0
0 1 0
0
b
c s
R
s c
β β
β
β β
 
 =  
 − 
                                                                                   (23) 
3.1.2 Aerodynamic analysis of large-size tilt rotor 
  Algebraic expressions of the aerodynamic forces and torques are used to deduce the generalized external forces acting on the 
aircraft. In this subsection, using the blade element method [27, 28], the force and torque computations are presented, i.e., the 
following expressions are formulated, respectively: rotor thrust and blade pitch angle, drag torque and blade pitch angle. 
Moreover, the relationship between the drag torque and rotor thrust is obtained. 
  The airflow velocity vector in reference system Γβ which is located at the center of each rotor is 
1
X Y Z b bV V V V R Vβ β β β β
Τ − = = 
                                                                          (24) 
where 
bV
  is the airflow velocity vector in frame Γb. Let 
, , , , ,X Y Zii x y z
V V Vv r rv r
R R R R R R
β β β
β
βµ µ µ µ= = = = = =
Ω Ω Ω Ω Ω
                                                         (25) 
sin cos ,  cos sin ,
cos ,  =
x x y y x y
z i z
W r W
W v β β
µ γ µ γ µ γ µ γ
µ µ γ ρ β
= + + = +
= + + Ω


                                                        (26) 
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where vi is the induced velocity of rotor, and Ω is the rotor speed. 
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Fig. 5. Coordinates and forces for tilt-rotor: (a) Blade and blade element coordinates; (b) Forces on blade element; (c) Tilt 
dynamics on blade 
 Assumption 1: The following assumptions are taken into account in this development: 
i) During mode transition, rotor speed Ω is constant such that the outputs of the four engines are all in rated power;  
ii) The relative inflow angle at the blade element (See Figure 5(b)) will be β*=arctan(Wz/Wx)≈Wz/Wx; 
iii) Tilt rate β  is far smaller than rotor speed Ω, i.e., 
| |β γΩ =                                                                                       (27) 
  The blades without blade cyclic pitch are selected. And for the blade with linear torsion Δφ*, the blade pitch angle φ* is 
expressed as 
( )* 7 * 0.7i rϕ ϕ ϕ= + ∆ −                                                                             (28) 
10 
 
where  Δφ*=φ1-φ0, and φ7i is pitch angle at 0.7r = . The chord length of blade with wingtip is constant, and we let 1b b= , 
where b b R= . 
Remark 1: Assumption 1 is presented for the large-size aircrafts with turboshaft engines, which haven’t variable-speed rotors. 
Small-size tilt-rotor aircrafts are usually electric powered. For an electric powered tilt-rotor aircraft, the rotor speeds are 
allowed to freely vary according to the desired level of thrust. However, the rotor speeds varying freely according to the 
desired level of thrust is unrealistic for current state-of-the art technology for conventional large-size rotorcrafts, i.e., the 
control of the thrust output is usually difficult to be achievable by changing the rotor speed. For the large-size aircrafts with 
turboshaft engines, the blade pitch angles of the rotors are regulated to vary according to the desired level of thrust. 
In fact, using a variable velocity joint between the rotor and engine is a means to allow for speed changes of the rotor. By 
changing the transmission ratio of gearbox or belt wheels, the speed change of rotor is implemented. However, for the gearbox, 
speed range is limited in rated power, and it only has several speeds. Continuously variable transmission (CVT), also known as 
single-speed transmission, gearless transmission, variable pulley transmission, is a transmission in which the ratio of the 
rotational speeds of two shafts, as the input (or engine) shaft and output shaft, can be varied continuously within a given range, 
providing an infinite number of possible ratios. The CVT is allowed to select the relationship between the speed of the engine 
and the speed of the wheels within a continuous range, and the transmission action is smooth. However, it is not suitable for 
high maneuverability and large-torque load, and it offers approximately 88% efficiency. With respect to using a variable 
velocity joint, controlling the blade pitch angles of the rotors by rudders is very fast and accurate, and the rotor speeds are fixed 
in rated power. 
Other than the Boeing A160 Hummingbird, all rotorcrafts to date feature fixed speed rotors (the V-22 is occasionally 
referred to as having a variable-speed rotor, but it really has only two speeds). Unlike most rotorcrafts, which feature 
turboshaft engines for requirements on high power output, the A160 has a piston engine that allows for variable-speed rotors. 
A turboshaft version of the A160 does exist, but it hasn’t overcome the technical challenge of being variable-speed yet. Unless 
the intended vehicle does not have high power requirements (which would be unlikely considering that the tilt-rotor aircrafts 
are highly inefficient in hovering flight relative to pure helicopters like the A160), the vehicle would need to have turboshaft 
engines, and it is impossible to be assumed that control of the thrust output is achievable by changing the rotor speed. Besides, 
the downside to having variable-speed rotors is that a departure from the optimal rotor speed means that engine efficiency is 
reduced. 
Therefore, in this paper, the control of the thrust output is achievable by changing the blade pitch angles of the rotors, and 
the rotor speeds are fixed in rated power. ∎ 
Rotor thrust generation 
Theorem 1: For the tilt-rotor, which is satisfied with Assumption 1, the following relationship between rotor thrust coefficient 
and blade pitch angle holds: 
( ) ( )2 2 *
1
7
2 2
3 3 30.3 0.3 0.05
2 4
3 31
2 2
T
x y i z y
i
x y
C v
pb a β
π µ µ ϕ µ µ ρ
ϕ
µ µ
∞
+ + − ∆ + + +
=
+ +
                                                  (29) 
Especially, if the sideslip can be ignored during mode transition, i.e., μy=0, then 
( ) ( )2 27 *
1
3 3 30.3 0.05 1
2 2
iT
i x i z x
C
v
pb a
π
ϕ µ ϕ µ µ
∞
   = + − ∆ + + +   
  
                                               (30) 
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The proof of Theorem 1 is presented in Appendix. 
 Remark 2 (Relationship between rotor thrust and blade pitch angle): From Eq. (106) in Appendix and Eq. (1), the rotor 
thrust generated by each rotor can be written as 
1 7 2i i i iT h hϕ= +                                                                                  (31) 
where 
( )2 4 21 1 1 1.5 / 6i xh R pb aρ µ∞= Ω +  
 ( ){ ( )}2 4 22 1 *0.05 0.3 1.5 / 6i x i zh R pb a vρ µ ϕ µ∞= Ω − ∆ − +                                                  (32) 
and in the frame Γβ, the thrust vector is described by 
[ ]0 0i iT T
Τ
=
                                                                                    (33) 
  Blade drag torque 
  For the blade element drag torque, considering of Eq. (100) in Appendix and Fig. 5, we obtain 
( ) ( ) ( )2 2* * * *sin cos 0.5i x d z x zdQ dL dD r dL dD r ba W C a W W W rdrβ β β ρ ϕ∞ ∞= + ≈ + = − +                           (34) 
  Taking into account Eq. (34), the number of blades, the blade element conditions and the total contribution in one revolution, 
we can write: 
2 2 2 2
*0 0 0 02 4
R R dM
i x z x z
CdM papQ drd W W W W brdrd
dr a
π πρ
γ ϕ γ
π π
∞
∞
 
= = − + 
 
∫ ∫ ∫ ∫                                        (35) 
The drag torque coefficient 
iQ
C  is defined as 
( )2 2 20.5
iQ i
C Q R R Rρ π= Ω                                                                          (36) 
Theorem 2 (Relationship between drag torque coefficient and blade pitch angle): For the tilt-rotor, which is satisfied with 
Assumption 1, the following relationship between drag torque coefficient blade pitch angle holds: 
1 7 2iQ i i i
C d dϕ= +                                                                                 (37) 
where 
1 1
1
1( )
3 2i i z y
pb ad v βµ µ ρπ
∞= + +  
2 2 2 2 201
2 *
1 1 1 1{ (1 ) ( ) ( 2 )}
4 60 2 2 4
d
i x y i z y i z i z
Cpb ad v v v
a β β
µ µ µ µ ρ ϕ µ µ ρ
π
∞
∞
= + + + + + ∆ − + + +
 
                              (38) 
The proof of Theorem 2 is presented in Appendix. 
Remark 3: From Eqs. (36) and (37), the drag torque can be rewritten as 
1 7 2i i i iQ d dϕ= +                                                                                   (39) 
where 2 2 2 2 2 2
1 1 2 20.5 , 0.5i i i id R R Rd d R R Rdρ π ρ π= Ω = Ω . 
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Remark 4: We suppose the sideslip can be ignored during mode transition, i.e., μy = 0. Consequently, Eq. (38) becomes 
1 1
1 ( )3i i z
pb ad v µ
π
∞= +  
2 2 2 201
2 *
1 1{ (1 ) ( ) ( 2 )}
4 60 2
d
i x y i z i z i z
Cpb ad v v v
a
µ µ µ ϕ µ µ
π
∞
∞
= + + + + ∆ − + +                                          (40) 
 Remark 5: From Eqs. (31) and (39), we obtain the relationship between thrust Ti and drag torque Qi as follow: 
1 1 2 1 2 1( )i i i i i i i iQ d T h d d h h= + −                                                                     (41) 
Moreover, from Fig. 4, the sum of the thrusts generated by the quad rotors is 
4
1
i
i
T T
=
=∑ . 
3.1.3 Lift and drag forces generated by wings 
  In this subsection, the aerodynamics analysis is presented for free wings and fixed wings, and the effect of rotor tilting is 
considered.  
Aerodynamics of free wing 
 
Ex𝛽𝛽 
Ez𝛽𝛽 Ci 
β  V 
df 
β  
ZVβ  
iv  
XVβ  
tVβ  
fα  
fα  
XVβ  
tVβ  iv  
ZVβ  
rtV  
rtV  
β  
1
4 r
d  
rd  
XVβ  
ZVβ  
(a) 
(b) 
(c)  
Fig. 6. Force on free wing: (a) tilt dynamics of free wing; (b) tilting from hover to forward flight; (c) tilting from forward flight 
to hover 
 
 For free wings, from Fig. 6, we obtain 
( )0.25t f rV d dβ β= +  , ( ) ( )
1 22 2
rt X t i ZV V V v Vβ β β = + + +  
, ( ) ( )arctanf X t i ZV V v Vβ β βα = + +                      (42) 
where Vβt is the airflow generated by rotor tilting, Vrt is the resultant velocity at the free wing, and αf is angle of attack for free 
wing, df is the distance from the center of rotor to the leading edge of the free wing. Therefore, the lift and drag forces on free 
wing (i=1,2,3,4) are written , respectively, as 
0i i iL L L= + ∆ , 
2
0 0.5 fi fi L rtL S C Vρ=                                                                 (43) 
and 
0i i iD D D= + ∆ , 
2
0 0.5 fi fi D rtD S C Vρ=                                                              (44) 
where ΔLi and ΔDi are the bounded uncertainties, and 
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fL f f r fi
C C Cα δ= + , ( )
0
2
f f fD D L f f
C C C A eπ= + , ( )0.681.78 1 0.045 0.46f fe A= − −                          (45) 
Sfi is the area of the free wing, Cf is the lift coefficient brought by angle of attack αf  to free wing, CDf0 is the drag coefficient 
when the angle of attack αf is equal to zero. Cr is the lift coefficient brought out by the flap bias angle δfi on free wing. ef is the 
value of the Oswald’s efficiency factor, and Af is the aspect ratio of free wing. 
Remark 6: The case without Oswald's efficiency factor applies only to wings with elliptical lift distributions. It is possible to 
modify the lift coefficient expression slightly to make it apply any wing by using an Oswald's efficiency factor. The value of 
Oswald's efficiency factor is 1 for elliptical wings and between 0.5 and 1 for most common wings shapes. ∎ 
 
  For the free wing, let the angle of attack with respect to the maximal lift coefficient be αmax. In order to avoid the stall 
phenomenon, the following relation should hold: 
( ) ( ) maxarctanf X t i ZV V v Vβ β βα α= + + ≤                                                            (46) 
  Therefore, from Eq. (46) and Figure 6(b) (i.e., tilting from hover to forward flight), for dβ/dt≥0, we obtain 
max[( ) tan ] / ( 0.25 )i Z X f rv V V d dβ ββ α≤ + + +                                                         (47) 
  From Eq. (46) and Figure 6(c) (i.e., tilting from forward flight to hover), for dβ/dt<0, we obtain 
max[( ) tan ] / ( 0.25 )i Z X f rv V V d dβ ββ α− ≤ + − +                                                         (48) 
  For the rear free wings (See Fig. 4), we select them as the controllers for the pitch dynamics when the tilt angle β exceeds a 
given value. Therefore, we rewrite Eq. (43) as follow: 
1 2
0 0i i i iL L L L= + + ∆  , 3, 4i =                                                                           (49) 
where 1 2
0 0.5i fi rt r iL S V Cρ δ= , 
2 2
0 0.5i fi rt f fL S V Cρ α= . 
  The bias angle δ3=δ4=δ regulates the pitch dynamics. 
Aerodynamics of fixed wing 
  The lift and drag forces on the fixed wings (See Fig. 4) are, respectively, 
0i i iL L L= + ∆ , 
2
0 0.5 wi ri L bL S C Vρ= ,  5,6i =                                                              (50) 
and 
0i i iD D D= + ∆ , 
2
0 0.5 wi ri D bD S C Vρ=                                                                     (51) 
where 
0wL w w w i
C C C Cα δα δ= + + , ( )0
2
w w wD D L w w
C C C A eπ= + , ( )0.681.78 1 0.045 0.46w we A= − −                           (52) 
ΔLi and ΔDi are the uncertainties affected by rotors tilting. Aw is aspect ratio of fixed wing. Sri is the area of the left (right) 
fixed wing, Cwα is the lift coefficient brought by the angle of attack α of fixed wing, Cw0 is the lift coefficient when angle of 
attack α is equal to zero, CDw0 is the drag coefficient when the angle of attack α is equal to zero. Cwδ is the lift coefficient 
brought out by the normal flap bias angle δi. ew is the value of the Oswald’s efficiency factor.  
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3.1.4 Forces generated by vertical tail 
From Fig. 4, the yaw and drag forces generated by vertical tail in frame Γb are denoted by [ ]0 0rlf
Τ
−    and [ ]0 0rlf
Τ
− , 
respectively,. 
3.1.5 Gyroscopic and counteractive moments 
  Tilting the rotors around the axes l1 and l2 creates gyroscopic moments which are perpendicular to these axes and to the spin 
axe (Ezβ). Indeed, these moments are defined by the cross product of the kinetic moments (JrΩi Ezβ) of the rotors and the tilt 
velocity vector. They are first expressed in the rotor frames as [31] 
4
1
1
( 1)i r i x
i
G J Eββ β
+
=
= − Ω∑                                                                              (53) 
for the longitudinal tilting. In order to express these gyroscopic moments in the fixed body frame Γb, we should multiply the 
above equation by the rotational matrix Rβ. We therefore find 
[ ]
4
1
1 2 3
1
( 1)ib b b b r i x
i
G G G G R J Eββ β
Τ +
=
= = − Ω∑                                                             (54) 
3.1.6 Thrust vectoring moment 
  Denote C1, C2, C3 and C4 the application points of the thrust T1, T2, T3 and T4, respectively. From Fig. 4, we can define 
C1C=(l4,-l1,0), C2C=(l4,l1,0), C3C=(-l3,l2,0) and C4C=(-l3,-l2,0) as the positional vectors expressed in Γb. Then, the moment 
exerted by the forces Ti (i=1,2,3,4) on the airframe Γb is 
4
1
T i i
i
T C Cτ
=
= ×∑
                                                                                    (55) 
where 
iT
  (i=1,2,3,4) is the thrust vector in frame Γb. After some computations, we obtain 
2 1 1 3 4 2
1 2 4 3 4 3
2 1 1 3 4 2
( ) ( )
( ) ( )
( ) ( )
T
T T l c T T l c
T T l c T T l c
T T l s T T l s
β β
β β
β β
τ
 − + −
 = + − + 
 − − − − 
                                                                         (56) 
3.1.7 Reactive torques 
  As the blades of the quad rotors rotate, they are subject to drag forces which produce torques around the aerodynamic center 
Ci. These moments act in opposite direction relative to Ωi. The reactive torque generated in free air by the rotors due to rotor 
drag is given by: 
4
1
1
( 1)i i
i
Q Q+
=
= −∑                                                                                      (57) 
After some computations, we obtain reactive torque vector in frame Γb as follow: 
4 4
1 1
1 1
( 1) 0 ( 1)i ir i i
i i
Q s Q c Qβ β
Τ
+ +
= =
 
= − − 
 
∑ ∑                                                                       (58) 
3.1.8 Adverse reactionary moment 
  As described previously, this moment appears when forcing the rotors to tilt longitudinally. It depends especially on the 
propeller inertia J4 and on tilt accelerations. This moment acts as a pitch moment and can be expressed in frame Γb as follow: 
4
b
yJ Eβτ β=                                                                                         (59) 
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3.1.9 Moment generated by fixed and free wings 
From Fig. 4, the moment generated by lift forces L5 and L6 of fixed wings in frame Γb is obtained as follow: 
[ ]6 5 5 5 6 5( ) 0 ( )r p y L L l c L L l sδ δ δ δ α ατ τ τ τ
Τ Τ = = − −                                                        (60) 
 Meanwhile, in frame Γb, the moment generated by free wings is given as follow: 
2 1 1 3 4 2
1 2 4 3 4 3
2 1 1 3 4 2
( ) ( )
( ) ( )
( ) ( )
f
f f
f
L L l s L L l s
L L l s L L l s
L L l c L L l c
φ β β
θ β β
ψ β β
τ
τ τ
τ
   − + −
   = = + − +   
   − + −  
                                                                    (61) 
  Because the moment generated by drag forces D5 and D6 of fixed wings is very small, it is taken as an uncertain vector 
defined in frame Γb, and it expressed  as follow: τfd=[ τfd1 0 τfd3]Τ. 
  Also, the moment generated by the drag forces D1, ⋯, D4 of free wings is very small, it is taken as an uncertain vector defined 
in frame Γb, and it is expressed as follow: τxd=[ τxd1 τxd2 τxd3]Τ. 
3.1.10 Moment generated by vertical tail 
From Fig. 4, in frame Γb, the moment generated by vertical tail is given as follow: τt=[0 0 frll3]Τ. 
3.1.11 The sum moment in the fixed-body frame 
From the moments analysis above, the sum of the moment in the fixed-body frame is presented as follow: τ =τt +Qr +τβ +τδ 
+τf +τxd +τfd +τt. 
 
3.2 The motion equation of the aircraft 
Aerodynamic interference effects between the different components are taken as the bounded uncertainties and included in 
the motion equations. The equations of motion written in terms of the centre of mass C in the fixed axes of co-ordinate (X, Y, Z) 
are then 
1( + )p p p px m u
−= + Γ ∆                                                                                 (62) 
( )1 +a a a ax J u uβ−= + + Γ ∆                                                                         (63) 
4J M ββ = −                                                                                                       (64) 
where, J=diag{J1,J2,J3}; J1, J2, and J3 are the three-axis moment of inertias; J4 is the tilting moment of inertia; and 
 [ ] [ ] 1 2 3, ,p a p p p px X Y Z x φ θ ψ
ΤΤ Τ  = = Γ = Γ Γ Γ 
,  
1
2
3
( ( ) )
( ( ) )
( )
p
p p
p
u c c s s s c s c c
u u c s s s c c s s c T
u s s c c c
θ ψ β φ ψ φ θ ψ β
θ ψ β φ ψ φ θ ψ β
θ β φ θ β
   + −
   = = − + +   
   +  
 
4
1 5,6 5,6 0
1
4
0
1
( ( ) ) ( ( ) ) ( ( ) )
       ( ( ) ) ( )
p i
i
i rl rd
i
c c s s s c s c c L c c c s s c s c s D c c c s s c s c s L
c c s s s c s c c D c s s s c f c c f
θ ψ α φ ψ φ θ ψ α θ ψ α φ ψ φ θ ψ α θ ψ β φ ψ φ θ ψ β
θ ψ β φ ψ φ θ ψ β φ ψ φ θ ψ θ ψ
=
=
Γ = + + − + − + − + − + −
+ − − − + − − −
∑
∑
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2 5,6 5,6
4 4
0 0
1 1
( ( ) ) ( ( ) ) ( ( ) )
        ( ( ) ) ( ( ) ) ( )
p
i i rl rd
i i
c s s s c c s s c T c s s s c c s s c L c s c s c c s s s D
c s c s c c s s s L c s s s c c s s c D c c s s s f c s f
θ ψ β φ ψ φ θ ψ β θ ψ α φ ψ φ θ ψ α θ ψ α φ ψ φ θ ψ α
θ ψ β φ ψ φ θ ψ β θ ψ β φ ψ φ θ ψ β φ ψ φ θ ψ θ ψ
= =
Γ = − + + + − + + + + +
+ + + + − + + − + +∑ ∑
 
4 4
3 5,6 5,6 0 0
1 1
( ) ( ) ( ) ( ) ( )p i i rl rd
i i
s s c c c T s s c c c L s c c c s D s c c c s L s s c c c D s c f s f mgθ β φ θ β θ α φ θ α θ α φ θ α θ β φ θ β θ β φ θ β φ θ θ
= =
Γ = + + + + − + + − + + − − + − −∑ ∑  
5,6 50 60L L L= + , 5,6 50 60D D D= + , 1 2 3 1 2 3p p p p
Τ Τ
   ∆ = ∆ ∆ ∆ = ∆ ∆ ∆  
                                         (65) 
and  
[ ]1 2 3a a a a ac asu u u u c u s uβ β
Τ
= = + , 11 2 1 1 3 4 2
21 1 2 4 3 4 3
4
131
1
( ) ( )
( ) ( )
( 1)
ac
i
i
i
u T T l T T l
u u T T l T T l
u
Q+
=
 
 − + −    = = + − +        −
  
∑
, 
4
1
131
1 1
22 30 40 3
11 2 1 1 3 4 2
( 1)
( )
[( ) ( ) ]
i
i
i
as
Q
u
u u L L l
u T T l T T l
+
=
 
−     = = +     − − − + −   
  
∑
 
1 2 3 0 0u u u u Mβ β β β β
Τ Τ
   = =    , [ ]1 2 3a a a a
Τ
Γ = Γ Γ Γ  
1 6 5 5 2 1 1 3 4 2( ) [( ) ( ) ]a L L l c L L l L L l sα βΓ = − + − + − , 
2 2
2 10 20 4 30 40 3( ) ( )a L L l s L L l sβ βΓ = + − +  
3 50 60 5 20 10 1 30 40 2 3( ) [( ) ( ) ]a rlL L l s L L l L L l c f lα βΓ = + − + − + − +  
4 5 6a
Τ
 ∆ = ∆ ∆ ∆ 
                                                                               (66) 
with 
4 1 1 1xd fd b uG φτ τ∆ = + + + ∆  , 5 2 2xd b uG θτ∆ = + + + ∆ , 6 3 3 3xd fd b uG ψτ τ∆ = + + + ∆                                (67) 
1 2 3, , , ,u uφ θ∆ ∆ ∆ ∆ ∆  and uψ∆  are the bounded uncertainties. 
3.3 Measurement sensors and actuators 
  Position (X,Y) can be obtained by Global Positioning System (GPS). The position data from GPS is sent to the processor in 
the aircraft for feedback control. Altitude Z is measured by an altimeter. Attitude (ψ,θ,ϕ) and attitude rate (dψ/dt,dθ/dt,dϕ/dt) 
can be obtained by an Inertial Measurement Unit (IMU). Most common attitude sensors are based on gyros. Angle of attack is 
measured by an angle of attack sensor. Rotor thrusts T1, T2, T3 T4, tilting torque Mβ and the bias angle δ3=δ4=δ of the rear two 
free wings are selected as the control actuators. 
Remark 7: Angle of attack is quite simply the angle between the wing chord and the oncoming air that the wing is flying 
through. Angle of attack can be measured by an angle of attack sensor. For instance, Dynon Avionics was the manufacturer of 
affordable EFIS products (for instance, EFIS-D100) to offer a way to measure angle of attack. Through extensive wind tunnel 
testing, Dynon is able to offer an angle of attack (AOA) pilot probe that measures both angle of attack and airspeed when 
connected to any of the EFIS-based products. Some other products of angle of attack sensors: AMETEK Aerospace Angle-of-
Attack (AOA) transducers, the 4239-01 angle of attack (AOA) sensors, AeroControlex, Thales angle of attack (AOA) sensor, 
et al. 
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4 OBSERVER DESIGN 
  In systems (62) and (63), X , Y , Z , X , Y , Z , φ , θ  and ψ  are unknown. Moreover, Δp and Δa are uncertain vectors. In 
order to reconstruct the unknown states and the uncertainties of systems (62) and (63), we present the finite-time convergent 
observers, and a theorem is given as follow. 
Theorem 3: For systems (62) and (63), the finite-time convergent observers are presented as follows: 
i) For position dynamics (62), the finite-time convergent observer is designed as 
2 3
1 2 1 1 1
1 31
2 3 2 1 1
3 3 1
sign( )
( ) sign( )
sign( )
i i p i in i pi
i i pi pi p i pi i pi
i p i pi
x x k x y x y
x x m u k x y x y
x k x y
−
= − − −
= + +Γ − − −
= − −
   

   

 

                                                (68) 
where i=1,23, and yp1=X, yp2=Y, yp3=Z, s3+kp1s2+kp2s+kp3 is Hurwitz, and 13 ( ) /p ik m d dt−> ∆ , 1, 2,3i = . Therefore, a time ts 
exists, for t≥ts, such that 
1
11 12 13 1
1
21 22 23 2
1
31 32 33 3
, , ,
, , ,
, ,
x X x X x m
x Y x Y x m
x Z x Z x m
−
−
−
= = = ∆
= = = ∆
= = = ∆
  

  

  

                                                                                  (69) 
ii) For attitude dynamics (63), the finite-time observer is designed as 
( ) 1 211 2 1 1 1
2 2 1
sign( )
sign( )
i i i ai i ai a i ai i ai
i a i ai
z z J u u k z y z y
z k z y
β
−= + + +Γ − − −
= − −
   

 

                                                (70) 
where i=1,23, and 1ay φ=  , 2ay θ=  , 3ay ψ=  , ya3=𝜓, s
2+ka1s+ka2 is Hurwitz; and 13 ( ) /a i ik J d dt−> ∆ , i=4,5,6. Therefore, a finite 
time ts>0 exists, for t≥ts, such that 
1 1 1
11 12 1 4 21 22 2 5 31 32 3 6, , , , ,z z J z z J z z Jφ θ ψ
− − −= = ∆ = = ∆ = = ∆                                                            (71) 
The proof of Theorem 3 is presented in Appendix. 
5 CONTROLLER DESIGN 
  In this section, a control law is derived for the purpose of stabilization and trajectory tracking, controllers for the attitude, 
position and tilting dynamics are designed, respectively. By using the finite-time convergent observers proposed above, the 
unknown states and the generalized disturbance are reconstructed. Suppose the reference trajectory and its finite order 
derivatives are bounded, and they are generated directly. Therefore, the proposed control law and its performance are presented 
in the following theorems. 
Controller design of attitude dynamics  
Theorem 4: For attitude dynamics (63), to track the reference attitude aa=[ϕd θd ψd]Τ, if the controller is designed as 
1 2( )a a a d a au J k e k e a uβ= − + − − −Γ −∆
 
                                                                 (72) 
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where a a de x a= − , a a de x a= −   , 2a de z a= −


 
, [ ]2 12 22 32z z z z
Τ
=    , [ ]1 13 2 23 3 33a J z J z J z
Τ
∆ =

   , 1k  and 2k  are positive constants, 
the observations ae


 and a∆

 are obtained from observer (70), then the closed-loop system rendering by controller (72) will 
converge asymptotically to the origin, i.e., the tracking error ea→0 and dea/dt→0 as t→∞. 
The proof of Theorem 4 is presented in Appendix. 
Switching logic for controller ua 
  During mode transition, the flight speed is small when tilt angle β is small, and the role of the fixed wings is weak. The pitch 
dynamics is regulated by the differential control of the quad rotor thrusts; the flight speed becomes large when tilt angle β is 
large, and the effect of the fixed wings is strong. Moreover, the differential control of the quad rotor thrusts is week for the 
pitch dynamics. Therefore, the rear free wings can be selected as controller of the pitch dynamics. 
  Based on the analysis above, we will allocate controller ua with a switching logic based on the selection of β. It is supposed 
that we have selected a tilt angle βw, and at this angle the controllers switches. Angle βw will be decided later. 
i) When β≤ βw, from Eq. (66), let 
1 1
22 30 40 3 3 4( ) 0 where 0u L L l δ δ= + = = =                                                                (73) 
Therefore, controller (72) can be rewritten as 
1 2( )a c ac a a d a au M u J k e k e a uβ= = − + − − −Γ −∆
 
 
                                                        (74) 
where uac has been defined in Eq. (66), and 
1 1
0 0
0 0 , , 0 0
0 0
c c c
c s c s
M c M c M c
s c s c
β β β β
β β β
β β β β
− −
   
   = = =   
   − −   
                                                    (75) 
Then we obtain 
1
1 2[ ( ) ]ac c a a d a au M J k e k e a uβ
−= − + − − −Γ −∆
 
 
                                                             (76) 
ii) When β> βw, from Eq. (66), let 
21 1 2 4 3 4 3( ) ( ) 0u T T l T T l= + − + =                                                                           (77) 
and 
1 1
22 30 40 3 3 4( ) , where u L L l δ δ δ= + = =                                                                      (78) 
Therefore, controller (72) can be rewritten as 
1 2( )a s as a a d a au M u J k e k e a uβ= = − + − − −Γ −∆
 
 
                                                           (79) 
where uas has been defined in Eq. (66), and 
1 1
0 0
0 0 , , 0 0
0 0
s s s
s c s c
M s M s M s
c s c s
β β β β
β β β
β β β β
− −
   − −
   = = =   
      
                                                          (80) 
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Then we obtain 
1
1 2[ ( ) ]as s a a d a au M J k e k e a uβ
−= − + − − −Γ −∆
 
 
                                                             (81) 
 
Selection of tilt angle 𝜷w  
  We expect the matrixes Mc and Ms have the same gain during the controllers switching. Therefore, we obtain cβw=sβw. Thus 
βw=π/4. 
Controller design for position dynamics  
Theorem 5: For position dynamics (62), to track the reference trajectory xd=[Xd Yd Zd]Τ, if the controller is designed as 
3 4( )p p p p p du m k e k e mx= − + −Γ −∆ +
 
 
                                                                  (82) 
where p p de x x= − , p p de x x= −   , 2a de x x= −


 
, [ ]2 12 22 32x x x x
Τ
=    , [ ]13 23 33p mx mx mx
Τ
∆ =

   , 3k  and 3k  are positive constants, 
the observations pe


 and p∆

 are obtained from observer (68), then the closed-loop system rendering by controller (82) will 
converge asymptotically to the origin, i.e., the tracking error 0 and 0p pe e→ →  as t→∞. 
The proof of Theorem 5 is presented in Appendix. 
Controller design for tilting dynamics 
  During the hover-to-level transition, we expect that the flight speed attains a sufficient large value such that the fixe wings 
can provide the sufficient lift force. The tilt angle β is required to be tilted from zero degree to π/2. On the other hand, during 
the level-to-hover transition, we expect the flight speed attain zero, and hover be implemented. The tilt angle β is required to 
be tilted from π/2 degree to zero. Thus, the bounded controllers should be designed to implement these tilting actions during 
mode transitions. In following, we firstly give the desired tilting actions for hover-to-level and level-to-hover transitions, 
respectively. 
i) Tilt for hover-to-level transition:  ( , ,β β β  ) is designed as: 
1
1 1
1
,     0
,  2
0,        2
t
d t
M t t
M t t t
t t
β
≤ ≤
= − < ≤
 >

, 
1
1 1 1 1
1
,                     0
( ),  2
0,                         2
t
d t t
M t t t
M t M t t t t t
t t
β
≤ ≤
= − − < ≤
 >

 
2
1
2 2
1 1 1 1 1 1
2
1 1
0.5 ,                                               0
0.5 ( ) 0.5 ( ) ,  2
,                                                   2
t
d t t t
t
M t t t
M t M t t t M t t t t t
M t t t
β
 ≤ ≤

= + − − − < ≤
 >
                                                     (83) 
  Because βd is required to attain π/2 when the hover-to-level transition finishes, we require Mtt12=π/2. Then Mt= π/(2t12). When 
t=t1, dβd/dt attains its maximal value. Therefore, the following relation should be satisfied: 
1
max
1 1
( ) tan
( )
0.25
id Zd Xd
d t t t
f r
v V V
t M t
d d
β βαβ =
+ +
= <
+

                                                           (84) 
where VβXd and VβZd are the projects on Exβ and Ezβ, respectively, on frame Γβ for the desired flight speed  d d d dx X Y Z
Τ
 =  
  

. 
Therefore, we obtain 
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11 max
0.5 ( 0.25 ) [( ) tan ]f r i Z X t tt d d v V Vβ βπ α => + + +                                                      (85) 
ii) Tilt for hover-to-level transition: ( , ,β β β  ) is designed as: 
1
1 1
1
,     0
,       2
0,          2
t
d t
M t t
M t t t
t t
β
− ≤ ≤
= < ≤
 >

, 1
1 1 1 1
1
,                     0
( ),  2
0,                            2
t
d t t
M t t t
M t M t t t t t
t t
β
− ≤ ≤
= − + − < ≤
 >

 
2
1
2 2
1 1 1 1 1 1
2
1 1
0.5 0.5 ,                                              0
0.5 0.5 ( ) 0.5 ( ) ,  2
0.5 ,                                                   2
t
d t t t
t
M t t t
M t M t t t M t t t t t
M t t t
π
β π
π
 − ≤ ≤

= − − − + − < ≤
 − >
                                                  (86) 
where Mt is positive and constant, and t1 is the switching time. Because βd is required to attain zero when the level-to-hover 
transition finishes, we require π/2-Mtt12=0. Then Mt= π/(2t12). When t=t1, dβd/dt attains its maximal value. Therefore, the 
following relation should be satisfied: 
( )
1
max
1 1
( ) tan
0.25
id Zd Xd
d t t t
f r
v V V
t M t
d d
β βαβ =
+ −
− = <
+

                                                             (87) 
Therefore, we obtain 
11 max
0.5 ( 0.25 ) [( ) tan ]f r id Zd Xd t tt d d v V Vβ βπ α => + + −                                                      (88) 
  For tilting dynamics (64), let 
deβ β β= − , deβ β β= −  , the system error is 
1
4 de J Mβ β β
−= − −  . The controller Mβ can be selected 
as 
4 5 6( )dM J k e k eβ β β β= + −                                                                              (89) 
where k5,k6>0 are constant. The closed-loop system is 
5 6e k e k eβ β β= − −                                                                                     (90) 
Selecting the Lyapunov function be
5 2 2aV k e e e eβ β β β
Τ Τ= +   , we can obtain that 0 and 0e eβ β→ →  as t →∞ . 
6 COMPUTATIONAL ANALYSIS AND SIMULATION EXPERIMENTS 
  In this section, simulation results of mode transitions are presented in order to observe the performance of the proposed 
aircraft model and control law. We consider two cases of hover-to-level and level-to-hove transitions. The parameters used for 
the aircraft model are given in Table 1. These values are based on the previous modeling, observer and control law design in 
this paper. 
  i) In the first simulation part, the hover-to-level transition is considered. The desired hover-to-level transition can be 
described as follow: The aircraft starts its mission in hover at the desired height Zd=100m, and its desired starting position is 
(Xd(0),Yd(0)) = (0,0); The forward flight speed changes from zero to 100m/s by tilting the rotors synchronously; During the 
mode transition, the height is kept invariant. The desired attitude angle is fixed at (ϕd, θd, ψd) = (0°, 5°, 0°). We take the 
following initial conditions (X(0), Y(0), Z(0), ϕ (0), θ (0), ψ (0)) = (1, -1, 102, 5°, 3°, -5°), (T1(0), T2(0), T3(0), T4(0)) = (8117N, 
8117N, 8117N, 8117N). The uncertainties in the aircraft dynamics are assumed as follows: 
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1 1
2 2
3 3
2exp( 2 )sin(3 ) exp( )cos( )
50 exp( )sin(3 ) 2exp( 0.5 )cos( )
0.5exp( )sin(3 ) 3exp( 2 )cos( )
p
p p
p
t t t t
t t t t
t t t t
   ∆ ∆ − + − 
     ∆ = ∆ = ∆ = − + −     
     ∆ ∆ − + −   
, 
4
5
6
0.5exp( 2 )sin(3 ) 0.8exp( )cos( )
20 0.5exp( )sin(3 ) 0.5exp( 0.5 )cos( )
2exp( 2 )sin(3 ) 0.5exp( )cos( )
a
t t t t
t t t t
t t t t
 ∆ − + − 
   ∆ = ∆ = − + −   
   ∆ − + −  
 
  The results in Fig. 7, obtained by considering the complete mode of the aircraft, illustrate the performance of hover-to-level 
transition: Fig. 7(a) presents the position in X direction; Fig. 7(b) describes the velocity in X direction; Fig. 7(c) describes the 
position in Y direction; Fig. 7(d) presents the velocity in Y direction; Fig. 7(e) describes the position in Z direction; Fig. 7(f) 
describes the velocity in Z direction; Figs. 7(g) and 7(h) describe the roll angle and roll rate, respectively; Figs. 7(i) and 7(j) 
describe the pitch angle and pitch rate, respectively; Figs. 7(k) and (l) describe the yaw angle and yaw rate, respectively; Figs. 
7(m)-7(o) show the tilt angle, tilt rate and tilt acceleration, respectively; Fig. 7(p) shows the four thrusts generated by the quad 
rotors.  
  ii) A second part, we ran simulations for level-to-hover transition. The desired level -to-hover transition can be described as 
follow: The aircraft starts its mission in forward flight with the flight speed V=100m/s at the desired height Zd=100m, and its 
desired starting position is (Xd(0),Yd(0)) = (0,0); The forward flight speed changes from 100m/s to zero by tilting the rotors 
synchronously; During the mode transition, the height is kept invariant. The desired attitude angle is fixed at (ϕd, θd, ψd) = (0°, 
0°, 0°). We take the following initial conditions (X(0), Y(0), Z(0), ϕ (0), θ (0), ψ (0)) = (1, -1, 102, 5°, 3°, -5°), (T1(0), T2(0), 
T3(0), T4(0)) = (1917N, 1917N, 1917, 1917N). The uncertainties in the aircraft dynamics are the same as in hover-to-level 
transition. The results in Fig. 8 illustrate the performance of the level-to-hover transition.  
parameter value parameter value 
m 3313kg g 9.8m/s2 
me 195kg ρe 6 
ρmT 2  DLQT  60kg/m2 
R 2.0966m p 4 
ρb 13 σ  0.1 
Sw 43.7500m2 Sfront 12.3458m2 
Sft 4.3795m2 l1 4.0900m 
l2 2.8050m l3
 5.6800m 
l4 3.4900m b 0.1613m 
a∞ 0.012 df 2.0000m 
dr 1.0445m Sft 4.3795m2 
CDf0 0.008 Cr
 0.15 
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Cf 0.5 Af
 4 
αmax 25° Aw
 12 
Sri 21.8750m2 Cw0
 0.32 
Cwα 0.5 CDw0
 0.008 
Cwδ 0.15 Jr
 8.5m2kg 
J1 220m2kg J2 220m2kg 
J3 400m2kg J4 50m2kg 
θd 5° ρ
 1.225kg/m3 
dxd/dt 100m/s βw 45° 
kp1 6 kp2 11 
kp3 6 ka1 6 
ka2 11 ka3 6 
k1 5 k2 5 
k3 2.5 k4 4.5 
k5 2.63 k6 4.55 
t1 5s Δφ* -7° 
Table 1  Parameters of aircraft model and flight 
 
  Although the uncertainties exist in the dynamics equations of the tilt-rotor aircraft, the presented controller based on the finite-
time convergent observer drive the aircraft to the desired trajectories during the two mode transitions. We can find out that the 
thrust (1917N) generated by each rotor during forward flight mode is far smaller than that (8117N) in hover. Therefore, under 
the same cruise speed, the presented tilt-rotor aircraft can save much energy than the conventional helicopters. It can increase the 
cruise time and flying range. Moreover, the computational analysis and simulations exhibit the agile maneuverability of the 
presented tilt-rotor aircraft with the simple control algorithm. 
 
7 CONCLUSION 
In this paper, a novel 6-DOF model of large-size tilt-rotor aircraft is presented. Not only the proposed aircraft can hover, take 
off and land vertically, but also the high-speed forward flight can be implemented. The aerodynamics of mode transition with 
rotors tilting is analyzed. During mode transitions, using the blade element method, the mathematical modeling is proposed for 
the following expressions: rotor thrust and blade pitch angle, drag torque and blade pitch angle. Furthermore, using the 
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Lyapunov function method, a finite-time convergent observer is designed to reconstruct the unknown states and uncertainties in 
the aircraft system. Finally, the presented switched logic controller based on the finite-time convergent observer can drive the 
aircraft to implement mode transitions. Although the uncertainties exist in the dynamics of the tilt-rotor aircraft during mode 
transitions, the strong stability and agile maneuverability are exhibited for the presented tilt-rotor aircraft. Our future work is to 
implement a prototype of the presented tilt-rotor aircraft. 
 
8 APPENDIX 
Proof of Theorem 1:  
The mass flow rate, m , through the actuator disk is m AUρ= , where U is the resultant velocity at the disk and is given by 
2 2 2( )X Y Z iU V V V vβ β β= + + + . The application of the conservation of momentum in a direction normal to the disk gives 
2 2 2 22 2i i X Y Z i Z iT Av V V V v V vβ β β βρ= + + + +                                                             (91) 
Therefore, 
( )24 3 2 2 2 2 22 ( ) (2 )i Z i X Y Z i iv V v V V V v T Rβ β β β ρπ+ + + + =                                                      (92) 
  For Eq. (92), Newton-Raphson iteration method can be adopted to obtain vi. Especially, the sideslip can be ignored during 
mode transition, i.e., VβY=0. Therefore, Eq. (92) can be rewritten as 
( )24 3 2 2 2 242 ( ) (2 )i Z i X Z i i rv V v V V v T Rβ β β ρπ+ + + =                                                      (93) 
Normalize VβX, VβZ and vi by the mean induced velocity at hover vh 
2(2 ), , ,h i Xh X h Zh Z h ih i hv T R V V v V V v v v vβ β β βρπ= = = =                                               (94) 
  For rotor flows outside the vortex-ring state, 2 2(2 3) 1Zh XhV Vβ β+ + > , the normalized ideal induced velocity can be determined 
from the momentum theory [28, 29] 
4 3 2 2 22 ( ) 1ih Zh ih Xh Zh ihv V v V V vβ β β+ + + =                                                                   (95) 
  Inside the vortex-ring state 2 2(2 3) 1Zh XhV Vβ β+ + ≤ , the induced velocity can be determined from an approximation proposed by 
Johnson [30]: 
2 2(0.373 0.598 1.991)ih Zh Zh Xhv V V Vβ β β= + −                                                           (96) 
In forward flight, the blade element velocity components are periodic at the rotor rotational frequency. As for the hover case, 
there is an in-plane velocity component because of blade rotation about the rotor shaft, but now there is a further free-stream 
(translational) part and tilt rotor velocity such that Wx=rΩ+VβXsinγ+VβYcosγ, and the velocity perpendicular to the disk can be 
written as Wz=vi+VβZ+(dβ/dt)rcosγ. Therefore, 2 2x z xW W W W= + ≈ . The resultant incremental lift dL per unit span on the blade 
element is given by 
( )2 2*0.5 0.5l x x zdL W bC dr ba W W W drρ ρ ϕ∞= = −                                                       (97) 
and the incremental drag is 
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2 20.5 0.5d x ddD W bC dr W bC drρ ρ= ≈                                                                (98) 
where Cl is the lift coefficient, Cd is the drag coefficient, a∞ is the slope of the lift curve, b is the blade chord, α* is the angle of 
attack of the blade element, and dr is the incremental radial distance. Therefore, for a blade differential element, the 
incremental lift force dTi is 
* *cos sinidT dL dDβ β= −                                                                           (99) 
and the drag torque gives 
* *( sin cos )idQ dL dD rβ β= +                                                                      (100) 
The relative inflow angle at the blade section is cosβ*= Wx/W, sinβ*=Wz/W. Therefore, 
i x zdT dLW W dDW W= −                                                                           (101) 
( )i z xdQ dLW W dDW W r= +                                                                        (102) 
The total trust of one rotor is equal the number of blades (p) times the average lift per bade: 
( )
21
0 0
(2 )
R
iT p dT dr drd
π
π γ−= ∫ ∫                                                                      (103) 
The second term in (101) is very tiny with respect to the first term, thus, we obtain dTi≈dLWx/W≈dL. Therefore, 
( )2 2 2*0 0 0 02 2 2
R R
i x x z
p dL pT drd a W W W bdrd
dr
π πργ ϕ γ
π π ∞
= = −∫ ∫ ∫ ∫                                                  (104) 
Then from Eqs. (1), (25), (26) and (104), we obtain 
( )
( ) ( )
2 1 2
*0 0
2 2 2 2
1 7 *
1
2
1 3 3 3 3    1 0.05 0.3 0.3
3 2 2 2 4
iT x x z
i x y x y i z y
pC a W W W bdrd
p b a v
π
β
ϕ γ
π π
ϕ µ µ µ µ ϕ µ µ ρ
π
∞
∞
= −
   = + + + − − ∆ − + −  
  
∫ ∫

                           (105) 
  From Eq. (105), φ7i can be carried out shown in Eq. (29). Especially, we suppose the sideslip can be ignored during mode 
transition, i.e., VβY=0. Therefore, we obtain μy=0. Consequently, we obtain 
( ) ( )2 21 7 *1 3 31 0.05 0.33 2 2iT i x x i z
pC b a vϕ µ µ ϕ µ
π ∞
   = + + − ∆ − +  
  
                                                (106) 
it follows that 
( ) ( )2 27 *
1
3 3 31 0.05 0.3
2 2
iT
i x x i z
C
v
pb a
π
ϕ µ µ ϕ µ
∞
 = + + − ∆ − + 
 
                                                     (107) 
Then,  
( ) ( )2 27 *
1
33 31 0.3 0.05
2 2
iT
i x x i z
C
v
pb a
π
ϕ µ µ ϕ µ
∞
 + = + − ∆ + + 
 
                                                       (108) 
and Eq. (30) holds. This concludes the proof. ∎ 
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Proof of Theorem 2:  
From Eqs. (26), (35) and (36), we obtain 
2 1 2 2
*0 0
1
2i
d
Q x z x z
CpaC W W W W brdrd
a
π
ϕ γ
π π
∞
∞
 
= − + 
 
∫ ∫                                                        (109) 
  The section profile drag coefficient, Cd, is assumed to be constant Cd0, then after integrations we obtain Eqs. (37) and (38). This 
concludes the proof. ∎ 
 
Proof of Theorem 3:  
1) For position dynamics, let 
1
11 11 12 12 13 13 1
1
21 21 22 22 23 23 2
1
31 31 32 32 33 33 3
, ,
, ,
, ,
e x X e x X e x m
e x Y e x Y e x m
e x Z e x Z e x m
−
−
−
= − = − = − ∆
= − = − = − ∆
= − = − = − ∆
     

     

     

                                                                   (110) 
The system error between (68) and (62) is 
2 3
1 2 1 1 1
1 3
2 3 2 1 1
3 3 1
sign( )
sign( )
sign( )
i i p i i
i i p i i
i p i i
e e k e e
e e k e e
e k e δ
= −
= −
= − − ∆
   

   

 

                                                                             (111) 
where, ( ) /i id dtδ∆ = ∆ , 1, 2,3i = .  
Select the Lyapunov function be  
i pV Pξ ξ
Τ=                                                                                                (112) 
where 1 31 1 2 3sign( )i i i ie e e eξ
Τ
 =  
    , and Pp is a positive definite and symmetrical matrix with the following form: 
2 2
3 1 2 1 2
1
2
2
1 2 0
2
0 2
p p p p p
p p
p
k k k k k
P k
k
 + + − −
 = − 
 − 
                                                                     (113) 
The Lyapunov function Vi is to study the stability of various differential equations and systems. Differentiating Vi 
with respect to time yields 
{ }( )1 2 1 2maxi p p iV c P Vλ ≤ −                                                                               (114) 
where cp is a positive constant. From the definition of finite-time stability [32, 33], there exists a time ts>0, for t≥ts, the system 
(111) is finite-time convergent. Alternatively, the convergent results of system (111) can be proved by high-order sliding mode 
theory [34].  
2) For attitude dynamics, let 
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1
41 11 42 12 1 4
1
51 21 52 22 2 5
1
61 31 62 32 3 6
,
,
,
e z e z J
e z e z J
e z e z J
φ
θ
ψ
−
−
−
= − = − ∆
= − = − ∆
= − = − ∆
  

  

  

                                                                         (115) 
The system error between (70) and (63) is 
1 2
1 2 1 1 1
2 2 1
sign( )
sign( )
i i a i i
i a i i
e e k e e
e k e δ
= −
= − − ∆
  

 

                                                                          (116) 
where ( ) /i id dtδ∆ = ∆ , 4,5,6i = . Select the Lyapunov function be 
i aV Pς ς
Τ=                                                                                   (117) 
where ( )
1
2
1 1 2sgni i ie e eς
Τ
 =   
   , and Pa is a positive definite and symmetrical matrix with the following form: 
2
2 1 1
1
41
2 2
a a a
a
a
k k k
P
k
 + −
=  − 
                                                                        (118) 
Differentiating Vi with respect to time yields 
{ }( )1 2 1 2mini a iV c P Vλ ≤ −                                                                      (119) 
where ca is a positive constant. Therefore, the system error (116) is finite-time convergent. This concludes the proof. ∎ 
 
Proof of Theorem 4:  
In the light of Theorem 3, for t≥ts, the observation signals 2 az x=


, 
a a∆ = ∆
 . Considering controller (72), the closed-loop system 
is 
1
1 2 ( )a a a a ae k e k e J
−= − − + ∆ −∆
 
                                                                        (120) 
Eq. (120) is written as 
1
1 2 2 2( ) ( )a a a a a ae k e k e k x z J
−= − − + − + ∆ −∆


  
                                                            (121) 
Therefore, for t≥ts, the system error can be written as 
1 2a a ae k e k e= − −                                                                                        (122) 
Selecting the Lyapunov function be 
1 2 2a a a a aV k e e e e
Τ Τ= +                                                                                    (123) 
we can obtain that 0 and 0a ae e→ →  as t →∞ . This concludes the proof. ∎ 
 
Proof of Theorem 5:  
In the light of Theorem 3, for t≥ts, the observations 2 px x=


, 
p p∆ = ∆
  hold. Considering controller (82), the closed-loop system 
is 
1
3 4 ( )p p p p pe k e k e m
−= − − + ∆ −∆
 
 
                                                                    (124) 
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We rewrite Eq. (124) as 
1
3 4 4 2( ) ( )p p p d p pe k e k e k x x m
−= − − + − + ∆ −∆


  
                                                      (125) 
For t≥ts, the system error can be written as 3 4p p pe k e k e= − −  , Selecting the Lyapunov function be 3 2 2p p p p pV k e e e e
Τ Τ= +   , we can 
obtain that 0 and 0p pe e→ →  as t→∞. This concludes the proof. ∎ 
 
9 LIST OF SYMBOLS 
me weight of each engine 
Te rotor thrust under rated power 
ρe thrust-to-weight ratio of engine 
m gross weight of aircraft 
Ti rotor thrust 
CTi rotor thrust coefficient 
Ωi rotor speed 
 ρ air density 
σ rotor solidity 
p blade number 
R rotor radius 
ρb blade span-chord ratio 
A area of rotor disk  
g gravity acceleration 
Cd0 constant profile drag coefficient 
κ  induced power factor 
b chord length of blade 
PL power loading of rotor 
DL disk loading of rotor 
R2r rotor radius of aircraft with two rotors 
Rε Reynolds number 
M Mach number 
DLQT Desired disk loading of rotor 
Aw span-chord ratio of fixed wing 
WLw  desired wing loading of fixed wing 
Sw wing area of fixed wing 
Lw wing span of fixed wing 
Cw chord length of fixed wing 
Sfront area of front fixed wing root 
Sfi area of free wing 
Γg right handed inertial frame 
Γb frame attached to the aircraft’s fuselage 
Γβ right handed inertial frame of the tiltrotor 
ψ yaw angle 
θ pitch angle 
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ϕ roll angle 
Rbg transformation matrix for Γb to Γg 
R𝛽𝛽b transformation matrix for Γ𝛽𝛽  to Γb 
VβX  air relative velocity on axis Exβ 
VβY  air relative velocity on axis Eyβ 
VβZ  air relative velocity on axis Ezβ 
Vb air relative velocity with respect to frame Γb 
vi induced velocity of rotor disk 
vh induced velocity in hover 
r length from rotor center to blade element 
β* relative inflow angle at blade element 
α* angle of attack of blade element 
φ* blade pitch angle 
φ7i pitch angle at r/R=0.7 
Δφ* linear torsion of blade 
U resultant velocity at disk 
dL lift per unit span on blade element 
dD drag per unit span on blade element 
Cl lift coefficient of blade 
Cd drag coefficient of blade 
dr incremental radial distance of blade 
dTi incremental lift of rotor 
dQi incremental drag torque of rotor 
Qi drag torque of rotor 
CQi drag torque coefficient of rotor 
T sum of rotor thrusts 
Vβt airflow generated by rotor tilting 
Vrt resultant velocity at the free wing 
αf angle of attack for free wing 
df distance between rotor center to leading edge of free wing 
Li (i=1,2,3,4) lift force generated by free wing 
Di (i=1,2,3,4) lift force generated by free wing 
ΔLi (i=1,2,3,4) uncertain lift force for free wing 
ΔDi (i=1,2,3,4) uncertain drag force for free wing 
Sfi area of free wing 
Cf lift coefficient brought by angle of attack αf  to free wing 
CDf0 drag coefficient when angle of attack αf is equal to zero 
δi (i=1,2,3,4)  flap bias angle of free wing 
Cr lift coefficient brought out by flap bias angle δi 
ef value of the Oswald’s Efficiency Factor for free wing 
Af span-chord ratio of free wing 
αmax angle of attack with respect to maximal lift coefficient of free wing 
Li (i=5,6) lift force generated by fixed wing 
Di (i=5,6) lift force generated by fixed wing 
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ΔLi (i=5,6) uncertain lift force for fixed wing 
ΔDi (i=5,6) uncertain drag force for fixed wing 
α angle of attack for fixed wing 
Sri area of the left (right) fixed wing 
Cwα lift coefficient brought by angle of attack α to fixed wing 
Cw0 lift coefficient when angle of attack α is equal to zero 
CDw0 drag coefficient when  angle of attack α is equal to zero 
δi (i=5,6)  flap bias angle of fixed wing 
Cwδ lift coefficient brought out by flap bias angle δi 
ew value of the Oswald’s Efficiency Factor for fixed wing 
frl yaw force generated by vertical tail 
frd drag force generated by vertical tail 
Gβ gyroscopic moment for tilting rotors in frame Γ𝛽𝛽 
Gb gyroscopic moment for tilting rotors in frame Γb 
τT thrust vectoring moment in frame Γb 
Ci (i=1,2,3,4) center of rotor 
Q sum of drag torques of rotors in frame Γ𝛽𝛽 
Qr sum of drag torques of rotors in frame Γb 
τβ tilting pitch moment in frame Γb 
τδ moment generated by lift of fixed wings in frame Γb 
τf  moment generated by free wings in frame Γb 
τfd moment generated by drag of fixed wings in frame Γb 
τxd moment generated by drag of free wings in frame Γb 
J1 moment of inertia with respect to axis Exβ,  
J2 moment of inertia with respect to axis Eyβ 
J3 moment of inertia with respect to axis Ezβ 
J4 tilting moment of inertia 
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Fig. 7. Hover-to-level transition 
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Fig. 8. Level-to-hover transition 
